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[Abstract]

In this paper, using the framework of a sequence of economies, we shall examine
limiting properties of equilibrium allocations in a strategic Lindahl game as economies get
larger. We show that, contrary to a private goods economy, a public good economy does not
possess the robustness against strategic manipulation in a large economy. In particular,
as the economy were to get larger, the larger would be the number of free riding agents and
consequently the limiting allocation would degenerate to a Walrasian allocation with no

production of the public good.
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1. Introduction

In this paper, we continue to examine properties of strategic Lindahl equilibrium
allocations. In particular, in the framework of a sequence of economies, we shall examine
limiting properties of equilibrium allocations in a strategic Lindahl game as economies get
larger.

It is well known that a Lindahl allocation mechanism is not incentive compatible as
pointed out by Samuelson (1954). But Hurwicz (1972, and 1979) shows that this is not due
to the inherent features of public goods, but a similar incentive compatibility problem
arises even for a private goods economy. Although the incentive or the free rider problem
for the provision of a public good is recognized as one of the most important problems for a
public good economy, this observation due to Hurwicz has blurred the distinction between
private goods and public goods.

We formulate the incentive aspect of an economy as interacting strategic behaviors of
agents trying to manipulate equilibrium outcomes to their benefits. One problem of
interacting strategic behaviors of agents is the resulting indeterminacy generated by such
behaviors. We have shown in Otani and Sicilian (1982, 1990) and Otani (1996) that
strategic behaviors in a private goods economy result in real indeterminacy of equilibrium
allocations and moreover the dimension of this indeterminacy stays large even for a large
economy. In Otani (2001 b), we have shown a similar result for a public good economy that
the dimension of indeterminacy for the public good economy stays large for a large economy
and furthermore is greater by the number of contributing agent types compared with that
of the private goods economy shown in Otani (1996). However for a private goods economy
Otani and Sicilian (1990) show that if strategic demand functions are required to be smooth
and a sequence of aggregate strategic demand mappings converges to a regular aggregate
demand mapping, then a sequence of strategic equilibria converges to a true Walrasian
competitive allocation of the limit economy. Thus we may assert that in the case of a
private goods economy, true Walrasian allocations in a large economy are sufficiently
robust against strategic manipulations of agents. In view of this result for a private goods
economy, one natural question remaining to be answered is whether or not a similar
robustness of a true Lindahl equilibrium obtains for a public good economy. We shall show
in this paper that the answer to this question is in the negative and there do exist

differences between private goods and public goods.



2. The Model, Definitions and Assumptions for a Finite Economy

In this section, we gather our basic model and definitions for a finite economy in our
previous papers in Otani (2001 a and 2001 b) except with a minor difference in the
definition of strategies. We consider an economy with 1 public good, | private goods and
T consumption agents for a finite economy. We abuse a notation using T for the number of

agents as well as for the set of all agents.

2.1. Production of the public good

The public good is produced by the application of inputs of private goods and the
technology is assumed to be represented by the production function F : R'+ — R denoted
by y=F(v). The production function is assumed to be continuous, strictly quasi-concave,

F(0)=0 and homogeneous of degree one. An input coefficient vector is denoted by
a, = v/y. Given the price vector p of private goods, the unit cost function is defined as
follows:

c(p)=min{p-a,[F(a,)>1]
The minimizing vector of input coefficients as a function of prices of private goods will be

denoted by: a,=a,(p). Clearly c(p)=p-a,(p). The profitability condition for the

production of the public good is given as follows:
g-c(p)<0, and

yla-c(p)]=0

where = zteTq[ denotes the price of the public good with ¢, being the contribution or

the cost share of agent t.

2.2. Consumption agents

Consumption agent t is characterized by (U,®,) where U :R™ >R is his/her

utility function and o, € P' with P indicating the set of strictly positive real numbers.

The range R of utility functions is assumed to be the set of extended real numbers and



thus possibly assume an infinite value at the boundary of the consumption set as in

log-linear functions. We assume that the utility function is strictly quasi-concave,

/

., and if

continuously differentiable on the positive orthant, du, =(d,u,du,)>0
U (x,Y) > U (®,0), then x €P'. The budget map of agent t is defined as follows:

B(p.a)={(x.Y)eR™p-x+q y<p-o}

Let § be a parametric strategy space for agent t that is assumed to be a nonempty subset
of a finite dimensional Euclidean space. We suppose that a given parameter § €S

determines a strategic utility function u,(X,Y,S) the agent uses. Strategic utility

functions are assumed to be U, (+,5):C(s) > R where C(s)c R™. A strategic utility
function in turn determines a strategic demand function f :P'xR — R for private

goods and a cost share function k :P'xR — R for the public good as follows:

[f.(P,y).k(P,Y)]

={(%,4)| (%, Y) = argmax {u, (%, y,5)|(x, ¥) € B (p,4) " C(3)}} -
In our previous papers, we wrote a pair of strategic demand cost share functions as

[ft(p, y,5). k(p, y,st)]. Since in this paper we deal exclusively with a strategic demand

function for private goods and a strategic cost share function for the public good, we
consider a pair of these two functions as a strategy denoted by § =(f,,k) instead of

parameterized strategies we employed in our previous papers of Otani (2001 a and 2001 b).

2.3. Definitions of equilibria

Let us denote S= th S . A Lindahl equilibrium given (ay,c, S) and a consistent

Lindahl equilibrium are defined as follows.

Definition 1. (a) (p,y)eP'xR is said to be a Lindahl equilibrium given



(a,,¢9) e R xR xS if
M Y {f(py)-o}-ay=0 and

(i) > k(py)-c=0.

() (p,y)eP' xR is said to be a consistent Lindahl equilibrium given seS if, in

addition to (i) and (ii) above,
(i) a,=a,(p) and c=c(p)

holds.

The set of Lindahl equilibria given (ay,c, s) will be denoted by L(ay,c, S) and the set of

consistent Lindahl equilibria given S will be denoted by L(S).

Definition 2. (p,y,X,s)eP' xR xR"xS is said to be a strategic Lindahl

equilibrium if (i) (p,y)elL(s) and x =f (p,y) for every teT, and (ii) for every
teT and for every §=(f.,k)eS§, if (p.y)el(a,,c,s/s), a,=a,(p). ¢ =c(p)

and % = f(p,y), then u(x,y)<u(x,y).

3. A Sequence of Economies

In this paper, the space of strategies is a set § of pairs (f,,k) of smooth or C'
-demand mappings where f :P'xR —R is a C' -map for private goods,

k. : P x R — R isa C'-cost share map. The projections of § to the space of f, and



the space of k. will be denoted respectively by §; and S,. Further S theT S

and SK = HteT Sk
We shall consider a sequence of economies. Let T" be a sequence of sets of agents (or

agent’s name) with [T"

<o and ‘T”‘—)oo as h—o. An agent is characterized by a

pair (U,w) where we P' denotes an endowment vector of private goods and
u: R':l — R is a (true) utility function satisfying all assumptions in section 2.2. The set
of agents’ characteristics will be denoted by A considered as a measurable space as in
Hildenbrand (1974, 1975). A sequence of economies is a mapping £":T" — A assigning
agent’s names to agents’ characteristics. Let A" be a counting measure on T". An
economy with a continuum of agents will be denoted by £ :T” — A where T” =[0,]].
Let 4 be a Lebesgue measure on [0,1]. An allocations in £" is a mapping X:T" — R'+

which is integrable with respect to A" and a strategy profile in £" is a mapping
s:T"—> S integrable with respect to A" such that for every teT", §=(f,k)

satisfying the budget condition that for every (p,Y),
p-f(p.Y) k(P Y)y=p-o.
Let S" be the set of strategy profilesin £".

The set of strategic Lindahl equilibria (p,Y,X,S) for economy &£" will be denoted by
C(E™). Given a strategic Lindahl equilibrium (p,y,X,S)eC(E"), let " be the joint
distribution of (U,®,%,8) on AxR xS, ie., u"=A1"0(£",%9)" where X and s are
considered as functions from T" respectively to R'+ and S. Given u", marginal
distributions of " will be denoted by #"(A), u"(X), u"(s), u"(f), etc. Given

s"=(f",k"),.;n » let us define
F'(p,v;ia) =] {f(p,Y)-@fd2"(t)+ay, and
G"(py;0) = [ K'(p,y)dA"(t)-c.
We can similarly define F”(p,y;a,) and G”(p,y;c) for the economy &£” given

(f*,97). Then we can say that (p,y)eP'xR is a Lindahl equilibrium given



(C,ay,Sn)eR+xR'+><S if
F"(p,y;ay):oI and G"(p,y;c)=0.

Also (p,y)eP' xR _is a consistent Lindahl equilibrium if a,=a,(p) and c=c(p)

holds in addition. Note that, for a finite economy £", the integration is a summation

since A" is a counting measure. For example, .Lnx[dxln(t):zﬂx(i“(t) with

A"t)=A"({t}). Then given §' =(f.",k") for t=z, the residual supply map of private
goods to agent 7 is given as follows:

K(p.y.a, 8 1) =Y 2" @ o~ [, (P02}

"7}

where @ = J.T" o, dA"(t).

4. Limiting Properties of Equilibrium Allocations of a Strategic Lindahl Model

Given a sequence of economies, we investigate limiting properties of equilibrium
allocations of our strategic Lindahl model. Our main result is the following proposition

whose proof proceeds in several steps.

Proposition. Let (p",y",x",s")eC(E") and let u" be the joint distribution of
(u,@,%,8) on Ax R'+><S induced by (£",Xx",s"). We assume that (a) functions in S
are C' on P! endowed with the topology of the C*-uniform convergence; (b) x"
converges weakly to u* for some distribution xz” on AxR xS and thus &"
converges to £~ in distribution; (c) y" >0 for every n and (p",y") converges to
(p”,y")eP' xR ; (d) there exists a compact subset K of AxR xS such that

supp{,u”} c K for each n and supp{,um} < K where supp{,u} denotes the support of a

measure i ; (e) for every f esupp{,u‘”(f)}, 8f(p°°,y)/6y is well-defined for y>0; (f)



F* and G* are C' with respect to (p,Yy) respectively at (p”,y;a;) and (p*,y;c”)
for every y>0 where a’=a(p*) and c*=c(p”) ; (g for every
(u,a),x)esupp{,um(A,x)}, u is C' on P"*, u(x,0) is strictly quasi-concave and C'
with respect to xe P', and du(x,0)/ox = I)i/ﬂ;l{au(x, y)/ox} > 0;; (h)
oF“(p",0:a)) /ap=lim{oF“(p", y:ay) /op} and
0G™(p*,0,c")/op=1im{aG" (p", y:¢")/op}
are well-defined and finite; (i) for every y>0

rank([al:w(pm’y;a:j)/ap al:Oc(poo’y;a;o)/ayDzl,and
0G™(p”,y;c”)/op 0G”(p”,y;c”)/dy

for every y>0,
rank (aF(p”, y;a})/ép) =1-1.
Then the limit of the equilibrium distribution x" is a degenerate Walrasian

equilibrium distribution 4~, i.e., (i) y” =0, (ii) J'Xd,um(x)—ja)d,u“’(a))zol , and (iii) for

every (u,a),x)esupp{,u“’(A,X)}, {ou(x,0)/ox} /||ou(x,0)/ oX| = p”/Hp‘”H.

Proof. We proceed with our proof in several steps.
Step 1. Show the feasibility in the limit economy.

Proof of Step 1. For private goods, by changing the variables of integration and then
by the weak convergence of u" to u”, we have that

0 = [ {04 - e} d2"(®) +a,(p") = [ xdu"(x) - [ od " (@) +2,(P")



> [xdp” (0 - [odu” (@) +a,(p")

Similar argument applies to the feasibility condition on the public good cost shares.

Step 2. We show that

limoF"(p",y";a))/op=0F"(p",y";a})/op, and
limaF"(p",y";a)) /oy =0F “(p", y";8;) /oy .
Proof of Step 2: By the change of variables,
OF"(p",y";a))/ap= [, {of"(p", y")/opjd A" (1)
=] {of (p".y")/ap}du”(f).
By (d), there exists a compact set K, such that supp {,u”(f)}g K;. Let us write

D(f)(p,y)=af(p,y)/op . Since K, is compact, D(f)(p,y) is equicontinuous

(Mas-Collel [1985, K2.1 on p.51]). Let h"(f)=D(f)(p",y") and h(f)=D(f)(p”,y").
Then h" converges to h uniformly. Therefore using E4.1 in Mas-Collel [1985, p.25], we
can conclude that

Jo {of (p"y/ophdu(F) = [, " (F)du"(£) > [, h(f)du”(f)
=J (et (p".y")/op}du (F)=2F“(p",y")/op.
Similar argument applies to the case of partial derivative with respectto V.
Step 3. Let u (f) be the distribution on S, generated by f." for teT"/{z}.

Then u](f) converges weakly to x”(f). Using similar arguments as in Step 2, we can

get:



Iim{ RS y“)/ap]dx“(t)} =], {of (p".y")/op}dp”(f) . and

nN—oo

im{ [, [ (p".y)/oy]a2" 0} = [, {01 (p",y") oy} dur” (1)

n—o

Step 4. We claim that for every (U,®,X)e€ supp {,u°°(.A,X)} , there exists
(u”,a)”,x“)esupp{,u“(A,x)} such that L@(u“,m“,x”) =(u,w,X),

limou" (x", y")/0x = du(x, y”)/ox, and
limou"(x", y")/dy =ou(x,y")/y .

Proof of Step 4: Since u"(A,X) converges weakly to ux”(A,X), we have that
supp{uw(A,X)} c Li{ supp[,u“(A,X]}. (See Hildenbrand [1974, p. 192].) Therefore for
each (U,w,X) € supp {/J‘”(A,X)}, there exists (U",@",X") € supp {u”(A,X)} such that
Lm(u“,a)“,x”):(u,a),x). Thus Lme(u”,x“,y”):(u,x, y*). With C'-topology on the

space of U, the result follows.

Step 5. We claim that (i) for each (U, ®, X) esupp{,um(A, x)} ,

{oF~(p”,y";a))/op} {ou(x y*)/ox| =0,

and (ii) there exists (U,w,X) € K(A,X) such that
(oF=(p”,y":a))/oy} {au(x,y*)/ox} =0

where K(A,X) isacompact set such that supp{,u“(A, X)} c K(A,x) forevery n.

10



Proof of Step 5:  To prove (i), fix (U,®,X) €supp {/,z°° (A, X)} asinStep 4. Letagents
in the sequence (U",®",X") of Step 4 be denoted by 7(n) and consider the maximization

problem for agent z(n): m'?x{u,(n)[xr(n)(p, y,ay,S/ST(n)),y}}. Then the first-order

condition with respect to p evaluated at (p",X,,,Yy",a;) can be written as follows:

UT”/{r(n)}{af‘n(pn’ y”)/ap}d/in(t)} [aur(n)(xf(n)' Y")/0%.qo ]’ =0,.

Note that the above condition holds for any agent whether or not he/she is constrained by
the level of the public good. (See Otani 2001 b, pp. 8-9 for constrained and unconstrained
agents.) Taking the limit yields

{oF~(p”,y";a7)/op} {ou(x,y")/ox} =0.
To prove (ii), first by the assumption (c), we have that y" >0. Therefore we may
suppose that for each n , there exists an unconstrained agent z(n) with

(U s @y s X)) € SUPP {,u”(A,X)} who is contributing positively for the public good.

Then for this agent z(n), the first-order condition with respect to the level of the public

good can be written as follows:

[axf(n) /8y]' [aur(n) /0% (n) }’ +0U,;, /0y =0

Also noting that

ox(p.yay.sis)foy=- (Y @], (o (p.y)/oylar©+a).

the first-order condition with respect to y for the unconstrained agent 7(n) becomes
[as o R CACRPIEY: dz“(t)] [0,y (X Y /%, |
—A" (z(M)[ AU,y (Xy, Y Oy | = 0.
By (d), there exists a compact set K(A,Xx) such that supp {,u"(A, X)} c K(A,x) forevery

n. Thus the sequence (U, ®.,X,) has a convergent subsequence converging to

11



(U,@,%) in K(A,X). Since Iim/I“(r(n))[aur(n)(xf(n),y”)/@y]:O, we have that for this

(u,@,x) in K(A,X),

(oF~(p",y";a5) /ay} {ou(x,y)/ox} =0.

Step 6. (Walras' law) (i) For every (p,Y)e€ P' % R,
p-[, (P (1) +y], a(p.V)du"(g)=p- [, wdu” (@),

and (ii)

[oF(p.y:a,)/op]  {0G"(p.y:a,)/op} {p}{q}
(oF*(p.y;a)/oy} {067 (p.y;a) oy} 1Y) L0

Proof of Step 6. (i) is obvious. To prove (ii), differentiate (i) with respect to p and
y to get:

Usf (af /ap)duw(f)] p{jsg(@g/ap)duw(g)] y+jsf fdﬂw(f)‘h wdu” (@) =0,

and
I, @/av)aw (0] b+ [ (qa/en)au @] v+ [, s (@)=

Then note that Isf fd,u°°(f)—J.RI odu”(@)=-ay Isg gdu”(g)=p-a,

oG™ [op = Usg (ag/ap)du“’(g)] —a,, and oF~ [y = [J.Sf (of /ay)d,uw(f)}ay. Thus we

obtain (ii) with derivatives in the matrix evaluated at (p,y,a,).

Step 7. By rewriting results of Step 5 in a matrix form, we can assert that there exists
(u,@,x) € K(A,x) such that

12



(5Fw/ap) (5Gw/ap) {6u(x, y“’)/@x} ~ {OJ
" ' " ' 0 B 0 ’
(oF~/oy) (aG*/ey)
Comparing the above result and the result in Step 6 (ii) and using the rank condition, we

can assert that two vectors ((pm)’, y“’) and (6u(x, ym)/ax,O) must be proportionate to

each other. Hence y” =0.

Since aG°°(p°°,o;a;°)/ap=Iiw{aew(p”,y;a;)/ap} is well-defined and finite by (f),
using Step 6 (ii) we obtain
[oF”(p”,0:a))/op] p” =0,

By Step 5 (i), we have that for each (U,®, X) €supp {/f" (A, X)} ,

{oF~(p”, y”;a‘;@)/ap}' {ou(x, yw)/ax}' =0,.
By (g) and (h), du(x,0)/0x>0, and aFm(pm,O;a;’f)/ap are well-defined and thus we
have that for each (u,, X) esupp{u“’ (A, x)} ,
(oF~(p”,0,a7) /ap) {ou(x,0)/ox} =0
Since the rank of the matrix {0F“(p”,0;a;)/dp} is (I-1), we can assert that
[ou(x,0)/0x]/|[ou(x,0)/oX] = pm/H p°°H

for each (U,®,X) esupp{,um (A, X)} . Therefore we can conclude that the limit of strategic

Lindahl equilibria is a degenerate Walrasian equilibrium. This concludes the proof. O
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4. Concluding Remarks

In a private good economy, we have shown in Otani (1996) that strategic behaviors of
agents result in the indeterminacy of equilibrium allocations, in fact, the dimension of
indeterminacy would be (I-1)T provided that T >| which would be satisfied in a
sufficiently large economy. On the other hand, in an economy with a public good, we have
shown in our previous paper Otani (2001 b) that the dimension of indeterminacy increases
by the number of agents positively contributing to the production of the public good. Thus
in general the introduction of a public good increases the dimension of indeterminacy.

In Otani and Sicilian (1990), for a private goods economy we have shown that under the
smoothness and regularity conditions, the indeterminacy problem will disappear in the
limit and the limiting allocation will be that of a true Walrasian equilibrium and efficient.
Therefore we may say that a true Walrasian equilibrium is robust against strategic
manipulation in a large economy.

But we have shown in this paper that, contrary to a private goods economy, equilibrium
allocations in a public good economy under the Lindahl mechanism do not possess the
robustness against strategic manipulation in a large economy. As the economy become
larger, the larger would be the number of free riding agents and consequently the limiting
allocation become that of a degenerate Walrasian allocation in which the level of the public
good production become zero. Roberts (1976) show that an incentive compatible
mechanism in a limiting economy entails no production of public goods. Although he
recognizes the importance of increasing numbers of agents and examines limiting incentive
compatibility, his model does not incorporate strategic manipulation of outcomes for a given
mechanism. In this paper, we have introduced strategic externalities due to manipulating
behaviors of agents and examined properties of the set of equilibrium allocations resulting
under manipulation. While examining the Groves-Ledyard mechanism in a large economy,
Muench and Walker (1979, p. 63) provide us with the following interesting statement that
“if there is a systematic difference between the price mechanism’s performance (with no
public goods) and the performance of public-goods mechanisms, the difference will only
appear in large economies.” In this paper, we have indeed confirmed this insight for a

Lindahl strategic game.
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